10. Bessel Functions of Fractional Order

Mathematical Properties
10.1. Spherical Bessel Functions Wronskians
Definitions 10.1.6 W{jn(2), ya(2)} =2
Differential Equation 10.1.7

10.1.1
2w’ +22w' +[2—nn+1)jw=0
(n=0,4+1, +2,...)
Particular solutions are the Spherical Bessel
Sunctions of the first kind
In(Q)=vir/2J n1i(2),
the Spherical Bessel functions of the second kind

Ya(2) =vx/2Y 1 14(2),
and the Spherical Bessel functions of the third
kind
i (2) = ja(2) +iya(2) = An/2H 34 (2),
ht(l’) (2) =J.(Z)—'¢?I.(Z)= v '}T zH, ,‘.’.ﬂ;(z)

The pairs ju(2), ¥a(2) and AP(2), hP(2) are
linearly independent solutions for every n. For
general properties see the remarks after 9.1.1.

Ascending Series (See 9.1.2, 9.1.10)
10.1.2

wEA=1375" (2/n+1){ 1'(2n+3)

. (321)? }
T21@2n4-3)(2n+-5)

10.1.3
-3 2n—1
Ya(2)= .+1( . ){ 1|(1—2n)
(32%)*
Ha—2mG—2m }
n=0,1,2,...)
Limiting Values as z—0
10.1.4 2 ],.(z,ﬁ 1 @ntl)
10.1.5
2"ty (2)»—1-3.5... (2n—1) n=0,1,2,...)

W{h®(2), @ (2)}=—2iz"* (n=0,1,2,...)

Representations by Elementary Functions
10.1.8
Jn(2)=2"'[P(n+3, 2) sin (z—4nr)
+Q(n+4, 2) cos (z—inr))

10.1.9
Ya(2)=(—1)""'2""[P(n+14, 2) cos (z-+inx)
—Q(n+4%, 2) sin (z+inr)]
P (whb 2)=1—5 s 22
o1
+41(11:(J;—)3) @2)~'—

=2 (1t 2020

Q1 =t @)1 D -0
(ﬂ+5)- -5
+_——5!I‘(n—4) (22)-5—...

=S C1pth, 240 @02
(n=0,1,2,...)

(!
o+ D=fr a1

\\k 1 2 3 4 5
n

1 2

2 6 12

3 12 60 120

4 20 180 840 1680

5 30 420 3360 | 15120 30240
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10.1.10
Jn(2)=fa(2) sin z+(—1)"*'f_,_1(2) cos 2
fo(@ =271, fi(e)=z"2
Ja-1(2) +fas1 ()= (2n-+1)27f, (2)
(n=0, £1, 4+2,...)

The Functions j.(2), y.(2) for n=0, 1, 2

10.1.11 jo(z)=¥
, sin 2 cos 2
,71(3)"= 22 _‘T
2(2) = 3 _Ygin 2—3 cosz '
J 5 5
10.1.12
. cos
Yo(2)=—7-1(2 =—°Tz
: cos z sin z
e

. 1 .
yz(2)=—j_a(z)=(—%-|-;) cos 2—53; sinz  *

Jn(x)

F1GurE 10.1. ju(z). n=0(1)3.

*See page 11.

Yn (X}

S

=3

-4 L.

F1GURE 10.2. ya(z). n=0(1)3.

F1aure 10.3. ja(z), yal(z). z=10.

Poisson’s Integral and Gegenbauer’s Generalization
n k
10.1.13  j.(2) =2_'j'_‘7§f cos (z cos 6) sin?**19 dg
)
(See 9.1.20.)
10.1.14

=% (—7) "f' ¢ °® %P, (cos 6) sin 0§ d8
0
n=0,1,2,..))



